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SOME EFFECTS  OF  FLIGHT  PATH AND ATMOSPHERIC  VARIATIONS 

ON THE BOOM PROPAGATED  FROM A SUPERSONIC AIRCRAFT 

By  Raymond L. Barger 

SUMMARY 

Equations  for the shock wave envelope  and  cusp l ine  associated  with the 
boom propagated  from a supersonic   a i rc raf t   a re   formula ted   in  terms of t h e  moving- 
t r i hed ra l   coo rd ina te   sys t em  fo r   f l i gh t   i n  a uniform  atmosphere  and a l s o   i n   a n  
atmosphere  with a l i n e a r  sound-speed gradient.  Ray-tube theory i s  used t o   c a l -  
c u l a t e   t h e   l a t e r a l   d i s t r i b u t i o n  of boom i n t e n s i t y   i n   a n  atmosphere with a l i n e a r  
sound-speed  gradient  and  also  to  investigate the  e f f e c t  of a general  wind  and 
sound-speed gradient on the  ground-track  intensity. The r e l a t i v e   e f f e c t s  of  wind 
and  temperature  gradient  are  treated.  The mechanisms of  focusing by winds  and by 
ground s t ruc tures  are discussed  qual i ta t ively.  

INTRODUCTION 

The advent  of  supersonic  aircraft  with their   at tendant  noise  problems  has 
been  accompanied  by  considerable l i t e r a t u r e  on the   subjec t  of  sonic-boom  propaga- 
t i o n   i n   t h e  atmosphere. The loca t ion  of the  ground pa t te rn  and the  calculat ion 
of boom in t ens i ty  have  been t r e a t e d   i n  a number of  papers ( r e f .  1, f o r  example) 
f o r   u n a c c e l e r a t e d   f l i g h t   i n  a uniform  atmosphere.  References 2 and 3 contain 
an  analysis  based on geometr ical   acoust ics   for  a uniform  atmosphere  of t he  con- 
d i t i ons   fo r   focus ing  resulting from a i rc raf t   acce le ra t ion  o r  turning maneuvers, 
together  with  an estimate of t he   i n t ens i ty   o f  the boom at  the   foca l   po in ts .  Some 
effects   of  a l i n e a r  sound-speed var ia t ion   wi th   a l t i tude  were s tudied   in   re fe r -  
ence 4. For this  simplest  kind  of  atmospheric  nonuniformity, the  equat ions  for  
the wave and wave envelope were derived i n  reference 4; but  computing-machine 
techniques  have  been  required  for  sound-ray  tracing when the  effects   of  winds o r  
of a general  sound-speed var ia t ion  are considered (refs. 5 and 6 ) .  The geometry 
of sound propagation i n  a nonuniform  atmosphere  has  also  been  treated i n  a number 
of s t u d i e s   i n  which the sonic-boom  problem w a s  not   di rect ly   involved  ( for  example, 
refs. 7 and 8 ) .  

This  paper  presents a s tudy  of   several   aspects   of   the   effects  of accelera- 
t ion,   turning maneuvers,  and re f rac t ion  on t h e  shock-wave d i s t r ibu t ion  and boom 
in tens i ty ,  w i t h  some emphasis  on the   appl ica t ion  t o  f l i g h t s  of  supersonic com- 
merc i a l   a i r c ra f t  ( r e f .  9 ) .  I n  extending  previous results f o r  the  present  analy- 
sis, an  effor t   has   been made t o  avoid  duplication  of  those  results,   within 
reasonable limits. For example, i n   r e f e rence  2, the  conditions  for  cusp  formation 



are   discussed;   but ,   in   the  present   paper ,   the   actual   spat ia l   d is t r ibut ion  of   the 
cusp l i n e  i s  t rea ted ,  and  parametr ic   equat ions  for   this   l ine  are derived. The 
use  of  the  moving-trihedral   coordinate  system  in  this  analysis  results  in some 
s impl i f ica t ion  of the  equat ions.  

The moving-trihedral method of  analysis i s  also  appl ied to the   s tudy of t he  
d i s t r ibu t ion  of t he  shock  envelope  and  cusp l i n e   i n   a n  atmosphere  with a l i n e a r  
sound-speed g rad ien t   fo r   cons t an t - a l t i t ude   f l i gh t .  The l a t e r a l   d i s t r i b u t i o n  of 
boom i n t e n s i t y   f o r   f l i g h t   i n   t h i s   k i n d   o f  atmosphere i s  then  calculated by means 
of  a ray-tube  analysis.  The ray-tube method is  a l so   used   to   inves t iga te   the  
e f f ec t  on the  ground-track boom i n t e n s i t y  of  an a r b i t r a r y   v e r t i c a l   v a r i a t i o n  of 
sound  speed  and  headwinds or ta i lwinds.  The r e l a t i v e   e f f e c t s  of wind and  tem- 
perature   gradients   on  refract ing  the  rays   are   then  t reated.   In   addi t ion,   the  
mechanisms of  focusing of s l i gh t ly   i nc l ined   r ays  by winds  and by ground  struc- 
tu res   a re   d i scussed   qua l i ta t ive ly .  

SYMBOLS 

AA 

4 
a 

B 

C 

M 

g 

H = l  

h 

I 

k 

k' 
2 

2 

cross-sectional  area of ray tube 

a rea   o f   in te rsec t ion   of   ray   tube   wi th  ground 

sound  speed 

angle   between  ver t ical   p lane  containing  tangent   to   f l ight   path and 
ver t ical   p lane  containing sound ray  under  consideration 

c h a r a c t e r i s t i c   v e l o c i t y   i n   S n e l l ' s  law 

perpendicular  distance between  upper and l m e r  bounding rays of ray  
tube 

acc,eleration due t o   g r a v i t y  

kh - 
ag 

f l i g h t   a l t i t u d e  , when assumed constant 

boom overpressure  intensi ty  

approximate  absolute  value  of  vertical  sound-speed  gradient  in ICAO 
standard  atmosphere, 0.00407 sec-1 

uni t   vec tor  i n  posi t ive  z-direct ion 

wind gradient when va r i a t ion  of  wind  speed  with  altitude i s  l i n e a r  



M Mach number 

Q infinitesimal radial coordinate of i n i t i a l   r a y  cone ( f i g .  4 (b ) )  

R distance  of  generic  point  of wave f r o n t  at time t from point  of 
emission at time T (propagat ion   in  a uniform  atmosphere) 

r distance  along  ray  path 

+ 
rN un i t   vec tor   in   ray-pa th   d i rec t ion  

S dis tance a long  f l i g h t   p a t h  

T radius   of   tors ion  of   f l ight   path 

t time a t  wave f ron t  

u, v components of wind ve loc i ty  along x- and  y-axes 

v airplane  airspeed, ds/d-r 

X, Y? z rectangular   Cartesian  coordinates   f ixed  with  respect   to   ear th ,  w i t h  
z pos i t ive  upward  and equal   to   zero  at ground l e v e l  

X? y , z rectangular  Cartesian  coordinates  referred t o  moving t r i h e d r a l  of 
f l i g h t   t r a j e c t o r y   ( f i g .  1) 

COSU, cosp,  cosy direction  cosines  of  wave-front  normal 

e absolute  value  of  inclination  angle  of  wave-front normal 

S , % 5  a i r c ra f t   pos i t i on   coord ina te s   i n  x,y, z system 

P radius  of  curvature 

T time at which a disturbance i s  produced at source 

A$ angle  subtended at source by an incremental  section  of  ray cone at 
source 

X absolute  value  of  angle  of  inclination  of  secondary  tangent  vector 

R angle  with  horizontal  measured in   p lane   perpendicular   to   f l igh t   pa th ,  
pos i t i ve  downward 
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Subscripts : 

C cuspidal  r idge 

g conditions at ground l e v e l  

gt ground t r ack  

m a  maximum 

0 conditions a t  f l i g h t   l e v e l  

U condi t ions  in  a uniform  atmosphere 

A prime i s  used t o  denote   der ivat ive  with  respect   to  I-. 

ANALYSIS 

Formation  of Superboom Region Due t o  

Aircraft   Acceleration and  Turning 

I n   t h i s   s e c t i o n ,  as throughout  the  paper, it i s  assumed t h a t   t h e  geometry  of 
sonic-boom propagation i s  described by the   theory  of geometric  acoustics.  This 
assumption i s  usual ly  made i n   t h e   l i t e r a t u r e ,   b u t   t h e  methods  of  geometric  acous- 
t i c s  are not   appl icable   quant i ta t ive ly   to   the   p red ic t ion   of  boom in t ens i t i e s   nea r  
t h e   a i r c r a f t  or i n   t h e  immediate v i c i n i t y  of a cusp. They are useful   for   s tudying 
t h e   s p a t i a l   d i s t r i b u t i o n  of t h e  shock  envelope, f o r   l o c a t i n g  cusp l i nes ,  and f o r  
e s t ima t ing   r e l a t ive   i n t ens i t i e s  from  ray-tube  cross-sectional  areas. 

A second  assumption,  which i s  made i n   t h i s   s e c t i o n  only, i s  t h a t   t h e  atmos- 
phere i s  uniform.  Aside  from  the  considerable  simplification  of  the  equations 
which resu l t s ,  from t h i s  approximation, it will be  seen  that ,  for the   spec ia l   case  
of a high  supersonic Mach number a i r c r a f t   f l y i n g  at or  near  cruise  conditions,  
t h e   e f f e c t s  of  turning or accelerat ing  are   not   normally  great ly   a l tered by t h e  
presence  of  atmospheric  nonuniformities. 

The X,Y,Z coordinates  referred  to  the  moving-trihedral   coordinate  system 
( r e f .  10) a r e  as shown i n   f i g u r e  1. I n   t h i s  system the  equat ion of a sound wave 
f r o n t  a t  time t due t o  a disturbance  produced a t  time T i s  

The envelope  of  these  spherical  sound waves, t h a t  i s  t h e  shock f ront ,  i s  found a t  
any p a r t i c u l a r  time (t = Constant) by solving equation (1) simultaneously  with 
i t s  der ivat ive  with  respect   to   the  t ra jectory  parameter  T: 
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A t  any p a r t i c u l a r  time, t h e  sound wave f r o n t s  and their   envelopes are f i x e d   i n  
space,  and  equations (3l), page 65, of  reference 10 are therefore   appl icable .  

Use of those  equat ions  in   the  pres-  
ent   context   yields  

Py 
ds  

x J 
where p i s  the  radius  of  curva- 
t u r e  of t h e   f l i g h t   p a t h ,  V i s  t h e  
speed  of f l i g h t ,  and T i s  t h e  
radius  of t o r s ion  of the   pa th .  Sub- 

Figure 1.- Moving-trihedral  coordinate system. 

s t i t u t i n g   t h e   v a l u e s   f o r  X!, Y', and Z '  from  equations (3) into  equation (2 )  
and  simplifying  gives 

-vx = -aR (4) 

o r  

The cha rac t e r i s t i c   l i ne   co r re spond ing   t o  any  given  value  of T i s  therefore  
a c i r c l e   l y i n g   i n  a plane which i s  perpendicular (a t  the   cen ter   o f   the   c i rc le )  t o  
the   ins tan taneous   t angent   to   the   f l igh t   pa th  a t  time T ,  and  which i s  a t  a dis- 
tance R/M from the   pos i t ion   o f   the   a i rp lane  a t  time T .  The radius  of t h e   c i r -  

c l e  = R I X  measures the   ex ten t  of the  spreading  of  the  shock  front 

A t  any  fixed  value of t, t h e   s e t  of a l l  these   c i rc les   assoc ia ted   wi th   d i f fe ren t  
values  of T forms t h e  wave envelope, o r  shock f ron t .  If sect ions  of   the  enve- 
lope  tend  to  overlap,  extreme  overpressures may be  generated  along  the  l ine  of 
in te rsec t ion ,  which i s  mathematically  an edge of  regression (ref.  10, p. 60) and 
i s  cal led  the  cuspidal  ridge o r  cusp l i n e   i n   t h e  sonic-boom l i t e r a tu re .   Th i s  
l i n e  i s  found  by d i f fe ren t ia t ing   equat ion  (4)  wi th   respec t   to  T: 

M2 

V ' X  + V X '  = V ' X  + v2 (p - 1) = -a2 

o r  

When equation ( 5 )  i s  solved  (with  respect t o  the  parameter T),  together  with 
equations (1) and (ha) ,  the  following  parametric  equations  of  the edge  of  regres- 
s ion  are   obtained:  
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xc = R E 

Yc = P(. - - V '  -) R 
v2 

where h 1 - - 1 
M2' 

Consider f irst  t h e   c a s e   i n  which the   a i rp l ane  i s  turning  but V' i s  zero. 
Then, equation ( 6 c )  becomes 

zc = f i n  
From th is   equa t ion ,  it i s  seen   t ha t   t he  edge  of  regression,  or  cusp  line  (see 
f i g .   2 ( a ) ) ,  i s  symmetric  about the  instantaneous (at time I-) plane  of   the  turn 
( the  osculat ing  plane) ,  and t h a t  i t s  in te rsec t ion   wi th   th i s   p lane  i s  not at t h e  
sound source,   that  is, not a t  the   a i rp lane ,   bu t  at a poin t   in   the   oscula t ing   p lane  

at a dis tance Rc = p f i  from the   l oca t ion  of the  source at time T = t - - a 

(a) Wire model  depicting cusp line and  representative  characteristic  lines of shock  envelope 
resulting f r o m  a planar turn. 

L63-6658 

Figure 2.- Cusp formation due to flight  maneuvers. 
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To i l l u s t r a t e   t h e   a p p l i c a t i o n  of  equations ( 6 ) ,  consider  an  airplane m a k i n g  
a constant-al t i tude (60,000 feet)  t u r n  at a steady  velocity  of 2,500 f t / sec   cor -  
responding t o  a Mach number of  about 2.5. Inasmuch as the  passengers   in  a com- 
merc ia l   a i rc raf t   should   no t   be   subjec ted   to  a centr i fugal   accelerat ion of more 
than  about O.5g, the  radius   of   curvature   of   the   turn must  be, at l e a s t ,  

or roughly 75 miles, and the   cuspidd   po in t   in   the   oscula t ing   p lane  i s  at a dis-  
tance p f i  a t  a l a t e r a l   d i s t a n c e  Yc = ph which i s  about  62  miles. The dis tance 
of t h e  ground  cusp point  from.the  source would be  over 63 miles.  These  distances 
a r e  so g r e a t   t h a t   i n  all probabi l i ty   these   rays  would never  reach  the ground 
because  of  atmosphere  refractive  effects. 

O f  course, it i s  possible  f o r  the   f l igh t -pa th   curva ture   to   be   in   the   ver t ica l  
ra ther   than  the  horizontal   p lane.  For example, VGH r eco rds   i nd ica t e   t ha t   o sc i l l a -  
t i o n s   i n  normal acceleration  of more than  S.5g  occasional ly   occur   in   the  course 
of comercial   operat ions.   (See  ref .  11.) The data  of  reference 11 were taken 
from turboje t  and turboprop  t ransports   f lying a t  subsonic  speeds,  but it appears 
l i k e l y  that  a supersonic  transport  would be   subjec t   to   s imi la r   osc i l la t ions  and 
tha t   t hese   o sc i l l a t ions  would cause  var ia t ion  in   the boom i n t e n s i t y  on t h e  ground. 

If, f o r  example, an  airplane at a Mach number of 1 . 3  (corresponding  to a 
steady  velocity  of  1,300  f t /sec) i s  undergoing a normal-acceleration  deviation 
of  -0.5g at the  crest   of  an  oscil lation,  the  corresponding  cusp  point  in  the 
vertical  plane  should  be  roughly 60,000 f e e t  below the   a i rp lane .  If t h e   f l i g h t  
a l t i t u d e  i s  l e s s   t han  60,000 feet ,   say 40,000 feet,  the  converging  ground-track 
rays w i l l  not  focus at ground level ,   but   the   ground-track  intensi ty  will be 
increased   to   the   ex ten t   tha t   the  rays have  converged. 

Th i s  v e r t i c a l   o s c i l l a t i o n  may well  account, at l e a s t   i n   p a r t ,   f o r   t h e  con- 
s iderable   var ia t ion   in  measured f l igh t - t rack   overpressures   for  an a i r c r a f t   i n  
nominal s t r a i g h t  flight. (See  f ig .   12  of   ref .  12.) The e f f e c t  of  t h i s  v e r t i c a l  
oscil lation  should  be s m a l l  and poss ib ly   negl ig ib le   for  a supersonic  transport  
under  cruise  conditions  because  the  velocity will be so g r e a t   t h a t  any curvature 
of the   pa th  must necessarily  be small and, furthermore,  because any contr ibut ion 
of a tmospher ic   tu rbulence   to   th i s   a i rp lane   f l igh t   osc i l la t ion   should   d iminish  a t  
high  a l t i tudes.   This  phenomenon may prove t o  be  s ignif icant   during  the  ascent  
stage  of a f l i g h t ,  when the   ve loc i t i e s  and a l t i t udes   a r e  much lower  than  those 
for   cruise   condi t ions;  however, any  compression w i l l  be  modified somewhat by t h e  
e f f e c t  of t h e  climb  angle, w h i c h  i s  t o  tilt the   rays  upward SO t h a t   t h e y   t r a v e l  
a greater  distance  before  reaching  the  ground. 

When an  airplane makes a turning maneuver, the   par t   o f   the  shock  envelope on 
the   ou ts ide   o f   the   tu rn  w i l l  tend  to   spread  out ;   thus ,   the   intensi ty   should  be 
weakened. However, the  predicted  decrease  predicated on considerations  of volume 
e f f e c t s  only would not be ent i re ly   val id   because some in t ens i f i ca t ion  due t o   t h e  
inc l ina t ion  of the   a i rp lane  l i f t  vector  may occur as a r e s u l t  of the   cen t r i fuga l  
accelerat ion.  
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Consider now an   a i rp lane   tha t  i s  
case, l / p  i s  zero,  and  equation ( 5 )  

x =  

acce lera t ing   bu t   no t   tu rn ing .   In   th i s  
can then be w r i t t e n   i n   t h e  form 

&(M2 - 1) 
2 

V '  

which, together  with  equation (6a), yields   the  fol lowing  equat ion  for   the  dis-  
tance  of  the  cuspidal  r idge from the  source: 

This  equation  determines, at any fixed  value  of t, a specif ic   value  of   the 
parameter T f o r  which the   a s soc ia t ed   cha rac t e r i s t i c   l i ne  i s  a l s o  the  edge  of 
regression.  This  cusp  l ine i s  therefore  a c i r c l e   i n  a plane  perpendicular   to   the 
f l i gh t   pa th .  I t s  radius i s  

Figure  2(b) i s  a schematic  drawing  of t h e  shock wave and cusp l i n e   r e s u l t i n g  

e ra t ion  V' should  be  limited t o  
about  O.lg,  out  of  consideration 
for  passenger  comfort.  Therefore, 
when the   a i rp lane  i s  nearing i t s  
cruise  velocity,   the  focusing 

from the   acce le ra t ion  of an   a i rp lane .   In  commercial t ranspor t   f l igh ts ,   the   acce l -  

r" 
- - - S h o c k  f r o n t  

C U S P  l i n e  distance would be  large.  For 
H o r n z o n  

- G r o u n d  c u s p  p o l n t s  example, i f  M = 2 and 
a = 1,000 f t /sec,   the   cuspidal  
r idge i s  a c i r c l e  of  radius 

(b) schematic  drawing  indicating  formation g rea te r   than  300 miles .  Under 
these  conditions,   the boom inten- 
s i t y  would be  negligible even i f  

ear th .  On the   o ther  hand, when 

of a cusp l i n e   r e s u l t i n g  from a i r c r a f t  
acce le ra t ion .  

Figure 2.- Concluded. the  focused  rays  did  reach  the 

the  a i rplane i s  accelerating  through  the  lower  supersonic Mach number range,  the 
problem i s  poten t ia l ly  a severe  one.  For example, f o r  Mach numbers less   than  
1.25 a t  an   a l t i t ude  of 40,000 fee t ,  the  cusp points  on the   ear th   occur   l ess   than  
5 miles from t h e  ground  track; t h a t  is, i n   t he   r eg ion  where t h e   i n t e n s i t y  would 
already  be  significant,  even i n   t h e  absence  of  focusing. The superboom which may 
be  associated  with  this   ini t ia l   accelerat ion  into  the  supersonic  Mach number 
range  should  be  highly  localized  because  the  cusp  points on the   ea r th  move rap- 
i d l y  away from t h e   f l i g h t   t r a c k  as t h e  Mach number increases.   Therefore,   after 
t h e  superboom occurs on t h e  ground  track,  the  intensity on t h e  ground t rack  
should  decrease  rapidly. An accelerat ion superboom has  been  observed  experi- 
mentally.  (See  ref.  12. ) 
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Formation  of Shock Envelope  and Cusp Line in   the   Presence  of 

a Linear Sound-Speed Gradient 

I n   t h i s   s e c t i o n  it will be assumed t h a t   t h e   f l i g h t  i s  horizontal  so t h a t   t h e  
e f f e c t s  of  refraction can  be  studied  without  the  additional  complication of t h e  
e f f e c t  of  changing a l t i t u d e .  

According to   re fe rence  4 (eq. (I .5 )  ), the  equation of a sound wave f r o n t   i n  
an  atmosphere  with a l i n e a r  sound-speed gradient at time t due t o  a disturbance 
a t  time T i s  

For  constant-alt i tude  f l ight,   the  equations can be  simplified by the  use of 
the  moving-trihedral  coordinate  system,  but  even  for t h i s  res t r ic ted   case   the  
analysis  i s  correct  on ly  i f  the  osculating  plane i s  considered t o  be  horizontal  
f o r   s t r a i g h t   f l i g h t .  With t h i s  convention,  equation (7 )  can  be wr i t ten  

c 2 
X2 + Y2 + Z + 3 c o s h  k: - l g 2  = "0 sinh2kT 

k2 

o r  

X2 + Y2 + z2 + 2 "(z - :)(cash kz - 1) = 0 
k 

where t denotes t - T and a. denotes  the sound  speed a t  f l i g h t   a l t i t u d e .  
Taking the   der iva t ive  of r e l a t i o n  ( 7 b )  with  respect  to  the  parameter T gives 

N 

XX' + YY' + ZZ'  - ao(. - ?)si* k% = 0 

Subst i tut ing  re la t ions ( 3 )  i n to   t h i s   equa t ion   y i e lds  

XV + a. (Z - :) sinh kx = 0 (8) 

o r  

X = &(% M k  - Z)sinh kz 

Equations ( 7 b )  and (8a) are   the  equat ions of t h e  shock  envelope. (A  machine 
program fo r   ca l cu la t ing   t he  ground p a t t e r n   f o r   f l i g h t  sin an  atmosphere  with  linear 
sound-speed gradient w a s  developed i n  connection  with  the work of ref. 13 . )  
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I n   o r d e r   t o   f i n d   t h e  edge of regression  of  the shock  envelope,  equation (8) 
can  be different ia ted  with  respect  t o  T and the  resul tant   equat ion  solved 
simultaneously  with  equations (m) and (8a). If t h e   f l i g h t   t r a j e c t o r y  i s  s t i l l  
assumed t o  be  horizontal ,   the  derivative  of  equation (8) with  respect   to  T i s  

XV' + X'V - aok Z %l cosh kx ( - A  
S u b s t i t u t i n g   t h e   r e l a t i o n   f o r  X '  from equation (3.) 

XV + V2$ - 1) - aok(Z - z ) c o s h  

= o  

in to   th i s   equa t ion   y ie lds  

k% = 0 

o r  

Equations (9), (8a), and (p) are   the  equat ions of t h e  cusp l i n e .  

The e f f e c t s  of r e f r ac t ion  can  be s tudied more c l ea r ly  by i so l a t ing  them 
from t h e   e f f e c t s  of accelerat ion and turning.  Thus, f o r  s teady,   s t ra ight ,  level 
f l i g h t  ( V I  = = 0), equation (9 )  becomes 1 

V = a. (ao - kZ cosh k% 2 4 
Theref  ore, 

a0 v2 Z, = - - - sech k? 
k aok 

o r  

- M2sech k:) 

Subst i tut ing  into  equat ion (8a) y i e lds  

xc = tanh k% = "0 M tanh k? k k 

which solved  together  with  equations ( rm) and (loa) gives 

Yc = f %\I( M2 - 1)(1 - M2sech2kz) 
k 

Equations (10) are  the  parametric  equations  for  the  cusp  l ine  caused by 
re f rac t ion .  It will be shown in   t he   fo l lowing   s ec t ion   t ha t   fo r   s t r a igh t   f l i gh t  
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the  cusp  normally  does  not  occur at ground  level,  except on t h e  ground t r ack  when 
the   r ays   a r e  just  t a n g e n t   t o   t h e  ground. 

On t h e  ground  track,  sech k't: = 1/M since Yc = 0. Inaspluch as a l i n e a r  
, ,  sound-speed gradient  rarely  extends beyond an   a l t i tude   o f  40,000 f e e t ,   t h e  l i m -  

i t i n g  Mach number at which t h e  ground  cusp w i l l  occur i s  found  by in se r t ing  
Zc = -40,000 f e e t  and  sech kx = 1/M into  equation ( loa)  and so lv ing   for  M. 
This   l imi t ing  Mach number i s  thereby  found t o  be  about 1.16. 

It i s  r a t h e r   i n t e r e s t i n g . t h a t  a sound wave front  propagating  outward  in an 
atmosphere  with a l i n e a r  sound-speed  gradient  maintains a spherical  form ( see  
eq. (7a)) although  the  rays are curved. The center  of  the  sphere moves  downward 
with.t ime, and the  radius  does  not  increase at a constant rate but  with  an  accel- 
erat ion.  The result i s  a shock  envelope  resembling somewhat t h a t  shown schemati- 
c a l l y   i n   f i g u r e  3 .  

Flight 

Figure 3 . -  Exaggerated  schematic  diagram  of wave propagation  from  source moving 
i n   s t r a i g h t ,   s t e a d y ,   l e v e l   f l i g h t   i n  an atmosphere  with a l i nea r   va r i a t ion  
of  sound  speed  with  altitude. 

La te ra l   Dis t r ibu t ion  of Ground-Level Boom In tens i ty  

In   the   p rev ious   sec t ions ,   the   spa t ia l   d i s t r ibu t ion  of t h e  shock  envelope  and 
of superboom regions w a s  invest igated by means of a geometrical  study of t h e  wave- 
f ront   loca t ions .  For t h e  purpose  of  studying  the  quantitative  aspects of t h e  
compression  of t h e  shock, however, it i s  s impler   to  treat t h e   t r a j e c t o r i e s  of t h e  
elements  of t h e  wave f r o n t s ,   t h a t  is, the   rays .  One r e a s o n   f o r   t h i s   s h i f t   i n  
point  of v i e w  i s  t h e   f a c t   t h a t   S n e l l ' s  l a w  of r e f r a c t i o n   f o r  a s t r a t i f i e d  atmos- 
phere  with no wind 

a sec 8 = c = Constant 

appl ies   direct ly   to   the  rays .   Furthermore,   the   energy flux i n  a region bounded 
by  speci'fic  rays ( a  ray  tube)  remains  approximately  constant;  consequently,  the 
boom in tens i ty   var ies   inverse ly  as the  square  root   of   the   cross-sect ional   area 
of the  ray  tube.   (See ref. 2.)  
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To de te rmine   t he   l a t e ra l   d i s t r ibu t ion   o f   i n t ens i ty   i n  a nonuniform  atmos- 
phere  by computing the  ray-tube  cross-sectional area is a complex problem,  because 
the  cross  section  cannot  be  taken  to be a rec tangle .   In   o rder   to   s impl i fy   the  
analysis, a l i n e a r   v e r t i c a l  sound-speed gradien t   wi l l   be  assumed, with no wind. 
I n   t h i s  atmosphere, t he  sound rays  are   arcs  of c i r c l e s  whose centers are a t  a l t i -  
tude   adk .   (See   re f .  7. ) Furthermore, inasmuch as the re  i s  no horizontal  com- 
ponent of t h e  sound-speed gradient,  each  ray  remains i n   t h e  same ver t ica l   p lane  
throughout i t s  t ra jec tory .  The range of a r ay   t ha t   s t r i kes   t he  ground i s  simply 
the  length  of i t s  project ion on t h e  ground. The airplane i s  assumed t o  be i n  
s t ra ight ,   s teady ,   l eve l   f l igh t   in   the   x -d i rec t ion .  The ray   tube   to  be examined, 
as shown i n   f i g u r e  4, consis ts  of a par t   of   the   ray cone emitted  during  time At .  
This  ray  tube is  a t  an  angle R from the   hor izonta l  measured i n  a plane  perpen- 
d i c u l a r   t o   t h e   f l i g h t   p a t h .  

(a )  I n i t i a l  ray tube.  

Figure 4 .- Ray-tube geometry. 
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R, sin 6, = Q  

(b) I n i t i a l  ray cone. 

Figure 4.- Concluded. 

The rays  representing  the  upper boundary  of t h i s   r ay   t ube  all have i n i t i a l  
inc l ina t ion   angle  e o .  They therefore   have  the same inc l ina t ion  a t  each   a l t i tude  
and maintain  the same horizontal  displacement.  Their  ground  intersection  thus 
forms a s t r a igh t - l i ne  segment of  length Ax para l l e l   t o   t he   x -d i r ec t ion .  Simi- 
l a r ly ,   t he   r ays  of the  lower boundary  of the   ray   tube  a l l  have i n i t i a l   i n c l i n a -  
t i on   ang le  8 0  + BO, and t h e i r  ground s t r i k e  forms a s t r a igh t - l i ne  segment a l so  
of length Ax p a r a l l e l   t o   t h e   x - d i r e c t i o n   b u t   d i s p l a c e d  somewhat from t h e  ground 
intersect ion  of   the  upper  boundary  rays. If the  ' ' s ides" of the  ray-tube ground 
in t e r sec t ion  are approximated as s t r a i g h t   l i n e s ,   t h i s   i n t e r s e c t i o n  i s  a para l -  
lelogram  with  base  length Ax. The "height" of the  paral le logram is  the   i nc re -  
mental component of   the  ranQe flyg, normal to   t he   x -d i r ec t ion ,  of the  rays  asso- 
ciated  with  the  incremental   angle M.  

In   o rder   to   ca lcu la te   th i s   para l le logram  "he ight , "   an   express ion   for  Yg as 

a function  of n i s  needed. A ray   assoc ia ted   wi th   the  angle C2 and or ig ina t ing  
a t  a l t i t u d e  h h a s   i n i t i a l   i n c l i n a t i o n  8, and radius  of  curvature 



- h sec B o .  The radius  of  curvature 

also  be  expressed as - ag sec eg; thus,  
) 

k 
8g  and eo are r e l a t ed  by the  following 
expression: 

The range  of  the  sound  ray i s  (? - h)tan e o  - - ag tan eg. (See  f ig .  5 .  ) 
k 

ff the   ver t ica l   p lane   conta in ing   the   ray  
forms  an  angle B wi th   the   ver t ica l   p lane  
through  the  ground  track,  the y-component 
of the  range is  

Figure 5.- Sketch  used f o r  calculating 
range of a  sound ray in  an  atmosphere 
with  a  linear  sound-speed  gradient. yg = s i n  B [F - h)tan e o  - - ag k t a n  eg 1 

(12) 

Figure   4 (b)   represents   condi t ions   ex is t ing   in   the  immediate  neighborhood of 
the  source  of  the  disturbance, and the   l engths  Ro and Q a re   t he re fo re   i n f in -  
i t es imal   quant i t ies .   Wi th in   th i s  s m a l l  r eg ion ,   the   rays   a re   v i r tua l ly   s t ra ight  
l i n e s .  A r e l a t ionsh ip   t ha t  i s  apparent  from t h i s  figure is  

Q cos R csc B = Q s i n  52 cot eo  
o r  

Also 

o r  

s i n  B = cot R t a n  8 0  

Ro s i n  e o  = Q s i n  52 

Expressing B, and 8, i n  terms  of 52 by means of equations (ll), egJ 
(l3), and (14) and subs t i tu t ing   in to   equat ion  (12) y i e lds  

ag  cos R h s i n  R - 1 

k 1 - A sin% H2 

2 
Y g = W -  

The incremental  y-range is then 

4 fg  = - dyg 
m 



The ground in te rsec t ion  of the  ray  tube  has an area 

which can  be  determined  with  the  use  of  equation (16). The actual  ray-tube  cross- 
sect ional  area AA i s  the   p ro jec t ion  of AAg onto  the  surface  tangent   to   the 

',. wave f ront .  If t h e  unit vector normal t o   t h i s   s u r f a c e  - t h a t  is, the  uni t   tangent  
t o   t h e   r a y   p a t h  - i s  denoted by rN, then + 

= s i n  O g  AAg 

From this  equation, AA (and  hence the   i n t ens i ty   d i s t r ibu t ion )  can  be  found 
d i r ec t ly  as a function of 52. The r e s u l t   f o r  AA i s  

The limiting value  of y occurs when 
g 

i n  equation (15). This   l imit ing yg-ranQe, which i s  



a p p l i e s   t o   t h o s e  rays t h a t  are jus t   t angen t   t o   t he  ground, at t h e   l a t e r a l  edge  of 
t h e  ground  pattern. The ray-tube area at  the  extremity of t h e  ground pa t t e rn  is, 
from equation (17a), 

This  quantity i s  posit ive  because AQ i s  negative,  and it cannot be zero  except 
on t h e  ground t r ack  ( Q  = 90'). Inasmuch as a cusp  point  corresponds  to  the con- 
vergence  of a ray   tube   to   zero   c ross -sec t iona l   a rea ,  it fol lows  that  a cusp  point 
r e su l t i ng   so l e ly  from the   r e f r ac t ive   e f f ec t   o f  a l i n e a r  sound-speed  gradient  can 
occur a t  t h e  ground  only  on t h e  ground t r ack .  

A s  yg increases  (with  constant AQ), Lqrg increases  and therefore  aClg 
in   equat ion  (17) increases   bu t   s in  e g  decreases. When t h e  ground pa t t e rn  i s  
only a f e w  miles wide, Mg i s  s t i l l  r e l a t i v e l y  small even a t  t h e  lateral edge 
of t h e  ground pat tern,  and s i n  Bg decreases so r ap id ly   fo r   r ays   o f f   t he   f l i gh t  
t r ack   t ha t   t he   ne t   r e su l t  may be a smaller  ray-tube area o f f   t h e   f l i g h t   t r a c k  
than on it. I n   o t h e r  words, t h e   i n t e n s i t y  may be  higher  off   the  ground  track  than 
on it. This   s i tua t ion  i s  i l l u s t r a t e d  by some r e s u l t s   t h a t  have  been  calculated 
by means of  equations (15) and (l7a). (See  f ig .  6.) 
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Figure 6.- Several   representat ive  plots  comparing l a t e r a l   d i s t r i b u t i o n  of i n t e n s i t y  on ground for 
f l i g h t  i n  a uniform  atmosphere  with t h a t   f o r   f l i g h t  i n  an  atmosphere  with a l i n e a r  sound  speed. 

16 



I .2 

I .o 

.6 
0 I 2 3 4 5 6 7 

Lateral distance from  flight track,yg,ft 

I .6 

I .4 

I .2 

1.0 

.8 

.6 
0 I 2 3 4 5 6 7 

Lateral distance from flight track, yg ,ft 

X 1 0 4  

x104 

Figure 6.- Continued. 



II 

4.4 

4.0 

3.6 

3.2 

2.8 

(q+ I 2.4 

2.0 

I .6 

1.2 

.8 

" 

.4 
0 I 2 3 4 5 6 7x104 

Lateral distance from  flight  track ,yg,ft 

Figure 6.- Continued. 

18 



I .o 

.9 

.8 
I 

(I")gt 
.7 

.6 

I .  I 

I .o 

.9 

.8 

7 

I Nonuniform  atmosphere1 

I 2 3 4 5x104 
Lateral distance from  flight  track ,yg ,ft 

I 2 3 4 5 6 7 8 X  
Lateral distance from  flight track, yg ,ft 

I 0 4  

Figure 6.- Concluded. 



Figures 6(a) and 6 ( g )  i nd ica t e   t ha t ,   i n   gene ra l ,   f o r  M h 1.5, t h e  boom 
i n t e n s i t y  can  be  calculated  with good accuracy  without  considering  the  bending 
of   the   rays   tha t  results from the  temperature  gradient.  Two considerations  should 
no t   be   neg lec t ed   i n   r e l a t ing   t hese   t heo re t i ca l   r e su l t s   t o   t he   ac tua l   phys i ca l  
s i tua t ion .   F i r s t ,   the   rays   near   the  lateral  edge of t h e  ground pa t t e rn  are nearly 
tangent   to   the  ground  and thus are more subjec t   to   the   in f luence  of atmospheric 
turbulence  near  the  ground  than  are  the  steeper  rays.  The e f f e c t  of t h i s   t u rbu -  
lence i s  gene ra l ly   t o   d i s to r t   t he   p re s su re   s igna tu re  of t h e  wave. (See  ref .  12.)  
A second  important  consideration i s  the  obvious  one  that  the  atmosphere at any 
given  time w i l l  not conform precisely  to   the  s ta t ionary,   l inear-sound-speed-  
gradient  model  assumed i n  t h i s   ana lys i s .  A t  t imes  the  actual   gradient  i s  
stronger,  and  under some condi t ions   the   loca l   g rad ien t  near t h e  ground i s  sharp. 
Under such  condi t ions,   the   effects   of   refract ion would be  important at higher 
Mach numbers than   i nd ica t ed   i n   t h i s   ana lys i s .  

In t ens i ty  of Ground-Track  Rays i n  a Genera l   S t ra t i f ied  Atmosphere 

If t h e  atmosphere i s  assumed t o  be s t r a t i f i e d  - t h a t  is, i f  a l l  grad ien ts   a re  
assumed t o  be i n   t h e   v e r t i c a l   d i r e c t i o n  - and i f   t h e  winds a r e   p a r a l l e l   t o   t h e  
vertical   plane  including  the  wave-front normal (for  ground-track  rays  this  ver- 
t i ca l   p lane   inc ludes   the   x -ax is ) ,   the   e f fec t  of t h e  wind can  be  accounted f o r  i n  
t h e  l a w  of r e f r ac t ion  as follows ( see, f o r  example, r e f .  7): 

c = a ( z )   s e c   e ( z )  + U ( Z )  

I n   o t h e r  words, equation (18) i s  appl icable  when the   r ay  i s  subjec ted   to   hor i -  
zontal  headwinds  and tailwinds  but  not  crosswinds. When crosswinds must be 
accounted f o r ,  t h e  more general   analysis  of  reference 8 can  be  used.  This  general 
ana lys i s   y i e lds   t he  l a w  of r e f r a c t i o n   i n   t h e  form  of a p a i r  of  equations which, 
i n   t he   p re sen t   no ta t ion  and  with  the  neglect  of any v e r t i c a l  component of t h e  wind 
velocity,  become 

\ 
c 1  = a sec a + u + v cos p sec a 

c2 = a sec p + u cos a sec p + v 

where c1 and  c2 a re   cons tan ts   for   the   ray   pa th .  

In  theory,   equations (19) provide   the   bas i s   for  a general   analysis  of t h e  
e f f e c t  of  an   a rb i t r a ry   ve r t i ca l   va r i a t ion  of wind and  temperature on an a r b i t r a r y  
sec t ion  of t h e  shock wave. However, the  complexity of t h i s   k ind  of ana lys i s  would 
not   be  just i f ied  for   the  purposes  of the  present  study, which a r e   t o   i n v e s t i g a t e  
the   na ture   o f   the   e f fec ts  and t o   a s s e s s   t h e i r   o r d e r  of  magnitude.  Inasmuch a s  
maximum wind effects   occur  when t h e  full wind component i s  p a r a l l e l  t o  t h e   v e r t i -  
cal   plane  containing  the  wave-front normal, t hese   e f f ec t s  can  be  accounted f o r  by 
equation (18) and t h i s  form of t h e  l a w  of r e f r ac t ion  w i l l  therefore  be  used  here- 
a f t e r   i n   t h i s   a n a l y s i s .  The l e t t e r  u w i l l  denote   the  refract ing wind  which is  
zero a t  f l i gh t   a l t i t udes .   In   o rde r   t o   accoun t   fo r   t he  wind at f l i g h t   a l t i t u d e ,  
u can  be  replaced by u - uo and ug by ug - uo in   the   resu l t ing   equat ions ;  
but ,   in   this   case,   dx/dt  w i l l  denote  the  airplane  speed  plus  the wind speed a t  
f l i g h t   a l t i t u d e .  
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Consider two ground t r ack  rays, horizontal ly   displaced a dis tance Ax = V AT, 
emitted from an   a i rp lane   f ly ing   in   the   x -d i rec t ion  a t  a l t i t u d e  h. (See  f ig .  7.) 

path kx direction Ray- Wave-front direction normal 

Figure 7.- Geometry of ground-track  ray  propagation  in  presence of wind and  temperature 
gradients .  

Inasmuch as both  rays   have  ini t ia l ly   the same inclination,  they  both have the  same 
characteristic  velocity.  Furthermore,  because  the medium i s  s t r a t i f i e d ,  none of 
the   fac tors   a f fec t ing   the   d i s tance   t rave led   in   the   x -d i rec t ion   a re   func t ions  of 
x. Thus, a t  each  level ,   both  rays   are   subjected  to   the same wind and temperature 
gradients ,  and the  horizontal   displacement Ax remains  constant. The perpendic- 
u la r   d i s tance  M between the  rays  i s  Ax s i n  X, where X i s  the   angle   tha t   the  
rays make with  the  horizontal :  

X = a r c   t a n  (- 2) = a r c   t a n  0 = a r c   t a n  a s i n  0 
dx/dt a cos 0 + u 

Then, 

M = A x s i n X = A x  a s i n  0 

i a 2  + 2au cos 0 + u2 

The quant i ty  M represents  approximately  the  height  of a ray   tube   tha t  is  
symmetric  with  respect to   the  ver t ical   p lane  containing  the  ground  t rack (a t  
R = 90") ( f i g s .  7 and 4 (b ) ) ,  and it i s  c l ea r   t ha t   t h i s   he igh t   can  approach  zero 
if the   ray   pa ths  are t angen t   t o   t he   ea r th .  The width  of t h i s   t u b e  i s  approxi- 
mately  represented by 

-A* s," csc 0 dz 

and i t s  cross-sect ional   area at t h e  ground i s  therefore  
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Inasmuch as e ( z )  i s  a rather  complicated  function  of  the wind  and sound-speed 
d is t r ibu t ion ,  it i s  d e s i r a b l e   t o  approximate th i s   express ion  by a simpler  func- 
t i o n  of u and a. Such an  approximation  can  be made by assuming tha t   u /a  i s  
much smaller  than  unity.  This  assumption i s  normally i n  accord  with  physical 
f a c t .  

F i r s t ,   csc  8 i n  equation (20) can  be rewri t ten as 

Then,  by  means of equation (18), i n   t h e  form 

sec e = 
a. sec 8, 

a a 
” 

the   var iab le  8 can  be  replaced in   t he   equa t ion   fo r   c sc  8 ,  and t h u s   i n   t h e  
equat ion   for  aA, (eq. (20)), by the   var iab les  a and  u: 

I n  approximating this  expression, one  can neglect   quant i t ies   of   the   order   u/a  

or   smal le r ,   except   in   the   fac tor  i- which, f o r   s l i g h t l y   i n c l i n e d  

rays, i s  qui te  small and, since it occurs i n   t h e  denominator,  has t h e   e f f e c t  of 
making the   en t i re   express ion   sens i t ive   to   bo th  wind  and sound-speed gradients .  
The resultant  approximation i s  

Mg = -AI) Ax a. sec 8, s i n  e g  dz 
a. sec eo + a(.) k0 sec 8, - a( z )  - u ( z >  

where eg = a r c  set(-- “0 sec 8, - 3). 
“g 
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The ray-tube  cross-sect ional   area  for   an  a i rplane  f lying  in  a uniform  atmos- 
phere  without wind i s  as follows: 

Mu = fu s i n  eo A$ csc 8, h = Ax 4 h 

The r a t i o  of t h e   i n t e n s i t i e s  i s  then 

For a. = 970 f t / sec ,  headwind uo = 100 f t / sec ,  h = 36,000 fee t ,  u = 60 f t /sec,  
wind calm a t  ground level ,  and ag = 1,115 f t / sec ,   then   the   increase   in   in tens i ty  
due t o   t h e   r e f r a c t i v e   e f f e c t  of wind and temperature  gradients as calculated from 
equation (21)  i s  well below 10 percent   for  Mach numbers of 2 or   higher .  

For the  important  case of l i n e a r  sound-speed gradient (a = ag - k z  occurring ) 
simultaneously  with a l i n e a r  wind gradient   (u  = ug - Zz), t h e  denominator of the  
integrand  in  equation (21) can  be  expressed as the  square root of a quadratic 
function  of z, and t h e   i n t e g r a l  can  be  evaluated i n  closed  form.  (See  for- 
mula 165 of ref. 1 4 . )  

In   gene ra l ,   f o r  a supersonic  transport   f lying a t  or  near  cruise  conditions 
with  atmospheric  conditions  that may reasonably  be  expected,  the  refractive com- 
pression  of sound waves should  be l e s s   t han  10 percent. On the   o ther  hand, when 
the  a i rplane  accelerates   through  the low supersonic Mach number range, it w i l l  
pass  through a c r i t i c a l  Mach number such that   the   ground-track  rays   are   just  
t angen t   t o   t he  ground, i f  t h e  atmosphere i s  such as t o  cause upward bending of 
the  rays .  Inasmuch as the  cross-sectional  area  of  the  ray  tube  approaches  zero 
under  these  conditions,   the  theory  predicts a superboom at  the  point  of tangency. 
Thus, the  theory  predicts  a significant  refractive  compression of f l igh t - t rack  
r ays   fo r   t he   gene ra l  Mach number range i n  which t h e  compression  due to   acce le ra -  
t i o n  i s  also  considerable. Moreover, it i s  i n  this  same range (low supersonic) 
that   considerable  curvature of t h e   f l i g h t   p a t h  due t o   v e r t i c a l   o s c i l l a t i o n s  i s  
possible,  which p o s s i b i l i t y  adds  another mechanism t h a t  may augment the  boom 
i n t e n s i t y .  

If the  gradient   of   the   ta i lwind i s  s u f f i c i e n t   t o  cause downward bending of 
the  rays ,   the   height  of the  ray  tube w i l l  increase,   since Ax i s  constant  over 
the  path,  and t h e  boom intensi ty   should  therefore   be somewhat lower  because  of 
the re f rac t ion .  

I n   t h e  absence  of wind, the  curvature  of a sound ray can be  found  readily 
with  the  use  of the  refraction  equation (18) in   the   fo l lowing  form: 

a(.) sec e (  z )  = c 



Dif fe ren t i a t ing   t h i s   r e l a t ion   g ives  

da sec e - a sec e t a n  e - = o de 
dz  dz 
" 

Thus, t h e   l e s s   t h e   i n c l i n a t i o n  of a ray   the   g rea te r  i s  i t s  curvature. 

Now, i f  an  a i rplane is  in   s t r a igh t ,   s t eady ,   l eve l   f l i gh t ,  two ground-track 
rays  emitted a dis tance Ax apar t  w i l l  appear as i n   f i g u r e  7. Both rays  have 
t h e  same inc l ina t ion  a t  f l i g h t   a l t i t u d e ,  and  indeed a t  each  successive  level,  and 
therefore   the i r   ac tua l   perpendicular   separa t ion   d i s tance  must decrease as they 
bend  outward. 

If the   a i rp l ane  is  a c c e l e r a t i n g ,   t h e   f i r s t  of two reference  rays  emitted w i l l  
have l e s s   i n c l i n a t i o n  and  hence greater   curvature   than  the  second.   This   differ-  
e n t i a l  curvature  causes  the  rays  to  converge more rapidly  than  they would i f  they 
were s t r a i g h t ,   a s   i n  a uniform  atmosphere. The e f f e c t  of t he   r e f r ac t ion  is  there-  
fore   to   cause  the  accelerat ion  cusp below the   a i rp l ane   t o   occu r   c lo se r   t o   t he  
posi t ion  of   the  source (when the  cusp  rays were emitted)  than it would i n  a uni- 
form  atmosphere. 

If the   a i rp l ane  i s  decelerat ing,   the  f irst  of  the  reference  rays  has more 
inc l ina t ion  and  consequently less  curvature  than  the  second, and, therefore ,  
spreading  of  the  rays  results.  

Relative  Effects  of Wind and  Temperature  Gradients 

It may be of i n t e r e s t   t o   o b t a i n  an  es t imate   of   the   re la t ive  effects   of  wind 
and temperature by calculating  the  conditions  under which the  temperature  and 
wind refract ion  exact ly   cancel  so t h a t   t h e r e  i s  no net  bending of a sound ray.  

If the  ray (assumed t o  be in  the  xz-plane)  experiences no net   refract ion,  
i t s  inc l ina t ion   angle  X remains  constant.  Therefore, 

- cot x = 0 d 
dz 

Now 

cot x = d x / d t = a c o s e + u  = cot e -I- - csc e U 

dz/dt a s i n  8 a 

where again u denotes   the  refract ing wind and so can  be  replaced by u - uo t o  
account for t h e  wind a t  f l i g h t   a l t i t u d e .  Then, equation (22) becomes 

+ -- - - csc 9 du u da 
a dz a dz 

csc e - = o 
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The quantity dO/dz can  be  expressed i n  terms of  du/dz  and  da/dz  by d i f f e r -  
entiating  equation (18) and  solving f o r  de/dz: 

Substi tuting  equation  (24)  into  equation  (23) and rearranging  yields 

The angle 8 could  be  expressed i n  terms  of u and a by equation (18), but 
t h e  form  of equation  (25) i s  s a t i s f a c t o r y   f o r  a quali tative  discussion. From t h i s  
equation one  can see that  fo r   t hose   pa r t s  of t h e  shock wave f ront  that  a re   near ly  
v e r t i c a l  (e x O o ) ,  t h e  wind gradient  required  to  prevent upward bending  of t h e  
rays  has  approximately  the same magnitude as t h e  sound-speed  gradient;  but, f o r  
a p a r t  of t h e  envelope t h a t  i s  near ly   horizontal  ( 0  = 90°), the   required  gradient  
i s  only  about  u/a of t h e  sound-speed gradient.   In  terms of ground-track  rays, 
equation  (25)  indicates  that   the wind gradient has r e l a t i v e l y  more re f rac t ive  
e f f e c t  a t  higher Mach numbers. A t  a Mach number of 2, t h e  wind gradien t   tha t  
would exactly  counteract  the  effect   of  the  temperature  gradient would be  only 
about  one-half  of  the  value  required a t  a barely  supersonic Mach number. 

Mechanisms of  Focusing  by Winds and Ground Structures 

It i s  a consequence  of  Fermat's  principle  (the  ray  path i s  such as t o  make 
the  ray  passage  time  an extremum) tha t   i n i t i a l ly   d ive rgen t   r ays  which  descend 
over   their   ent i re   paths   through a s t r a t i f i e d  medium cannot  converge.  (See r e f .  7.)  
However, machine calculations of ray  paths   indicate   that  w i t h  c e r t a i n  wind  and 
temperature   dis t r ibut ions  ( ref .  6),  a cusp l i n e   p a r a l l e l   t o   t h e   f l i g h t   t r a c k  can 
occur,  and it may be of some in t e re s t   t o   desc r ibe   he re   t he  mechanism of  such a 
focusing. 

Consider two rays  of  the  ray cone t h a t  are very  near  the  horizontal .  Then, 
as an  approximation,  they  can  be  considered t o  l i e  i n   t h e  same ver t ica l   p lane .  
Suppose, now, t h a t  the wind gradient i s  
such as t o  oppose t h e  bending e f f e c t  of Wind-velocfiy diStrihrtion 

the  negative sound-speed gradient and, 
also,  that  t h e  wind gradient is  so grea t  
t h a t  a downward ben'ding  of the  rays  
occurs. If one of  the  rays  has a slight "+ 
i n i t i a l  upward incl inat ion,  it receives + Ground 

more support from the  higher  wind speed - level 

at  t h e   g r e a t e r   a l t i t u d e  and thus may 

- - 
__c 

. ~~ 

" 

a r r i v e  at some point on t h e  ground at 
t h e  same time as the  lower  ray, as 
i l l u s t r a t e d   i n   f i g u r e  8. Refractive 

Figure 8.- Diagram i l l u s t r a t i n g  mechanism 
by which two in i t i a l ly   d ive rg ing   r ays  
can  converge at  ground  level. 

e f f ec t s   o f   t h i s   t ype  have  been  observed 



experimentally a t  low a l t i t u d e s  when the  temperature  gradient i s  s l ight .   (See 
. r e f .  15. ) 

Simi lar   e f fec ts  may occur   fo r   f l i gh t   i n   o the r   r eg ions  where the  temperature 
gradient is  s l igh t   bu t  where t h e  wind gradient i s  strong. Such conditions  often 
o c c u r   i n   t h e   a l t i t u d e  range extending  roughly from 35,000 f e e t   t o  50,000 f e e t .  
I n   t h i s  range,  the  temperature  gradient i s  usua l ly   s l igh t ,  and t h e  winds a r e  
of ten  decreasing  in  magnitude  with a l t i t u d e   i n  such a way t h a t  a strong wind 
gradien t   ex is t s .  

In   the   p r ior   sec t ions ,   th ree   poss ib le   causes   o f  shock  compression  have  been 
discussed:   a i rcraf t   accelerat ion,   t ra jectory  curvature ,  and atmospheric  refrac- 
t i o n .  Another p o s s i b i l i t y  i s  that   focusing may occur  because  of  the manner i n  
which the   rays   a re   re f lec ted  from  nonplanar t e r r a i n   o r   s t r u c t u r e s  on t h e  ground. 
Inasmuch as t h e  shock wave near  the ground may be t r e a t e d   l o c a l l y  as a plane wave, 
and the  rays  as s t ra ight   l ines ,   the   geometr ic   calculat ion  of   the  ray- tube  area  in  
t h i s   c a s e  i s  straightforward. 

One p o s s i b i l i t y  of  t h i s   k ind  of focusing i s  i l l u s t r a t e d   i n   f i g u r e  9 where a 
ray  tube i s  shown being  reflected  off   the  adjacent walls of two perpendicular 
s t ruc tures .  If the  angle  of  the  ray  tube i s  symmetric  with  respect t o   t h e s e  two 
walls, the  ref lected  ray  tube w i l l  t e n d   t o  compress  toward the   ve r t i ca l   p l ane  
t h a t   b i s e c t s   t h e   a n g l e  of t h e  walls. This  region  of  compression may i n t e r s e c t  
t h e  ground  or,  possibly,  the  skylight  of a lower  building. 

\\\\ 
\ I  \ 

/I  

Figure 9.- Schematic  drawing i l l u s t r a t i n g   t h e   f o c u s i n g  of a ray  tube as a r e s u l t  of r e f l e c t i o n  from 
t h e  w a l l s  of a building  with two perpendicular  wings. 

26 



CONCLUDING RFSIARKS 

A t  t h e   a l t i t u d e s  and Mach numbers of in te res t   in   connec t ion   wi th   f l igh ts   o f  
a supersonic  transport  at or   near   cruise   condi t ions,  superboom e f f e c t s  due t o  
accelerat ion,   turns ,   or   a tmospheric   refract ion  should  be  negl igible .  On the   o the r  
hand, i n   t h e  low supersonic range, a l l  t h e s e   e f f e c t s ,   i n   a d d i t i o n   t o   t h a t  of 
changing a l t i t ude ,  may inf luence  the boom in t ens i ty .  

A s  t h e  Mach number increases ,   the  wind  becomes r e l a t i v e l y  more important i n  
refracting  the  ground-track  rays.  Focusing of ground-track  rays  (which are 
i n i t i a l l y   p a r a l l e l )  can  be  caused by the  temperature   gradient ,   or  by a combina- 
t i o n  of wind and  temperature  gradients. Cusp points  off   the  ground  track  cannot 
be  caused  by a l i n e a r  sound-speed gradient,   but when the  combination  of  f l ight 
a l t i t u d e  and Mach number i s  such t h a t   t h e  ground pa t t e rn  i s  r e l a t i v e l y  narrow, 
then it i s  p o s s i b l e   t h a t   t h e   i n t e n s i t y   o f f   t h e   f l i g h t   t r a c k  w i l l  be  greater  than 
on it. Focusing  of   s l ight ly   incl ined  rays   a t  a considerable  distance from t h e  
flight t r ack  can  occur in   the  presence  of  a strong wind gradient.  Focusing may 
a l s o  occur as a result of r e f l ec t ion  from ce r t a in  forms of t e r r a i n   o r  ground 
s t ruc tures .  

Equations  are  presented  for  calculating  the  influence of wind and sound- 
speed  gradients on t h e  boom i n t e n s i t y  of ground-track  rays and fo r   ca l cu la t ing  
the   l a t e ra l   d i s t r ibu t ion   o f   i n t ens i ty   i n   t he   p re sence  of  a l i n e a r  sound-speed 
gradient .  

Langley  Research  Center, 
National  Aeronautics and  Space  Administration, 

Langley  Station, Hampton, Va., October 30, 1963. 
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